Spin-Spin and Spin-Orbit Interactions 
in Strongly Coupled Gauge Theories 
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We evaluate the spin-orbit and spin-spin interaction between two fermions in strongly coupled 
gauge theories in their Coulomb phase. We use the quasi-instantaneous character of Coulomb's law 
at strong coupling to resum a class of ladder diagrams. For M = 4 SYM we derive both weak and 
strong coupling limits of the the spin-orbit and spin-spin interactions, and find that in the latter case 
these interactions are subleading corrections and do not seriously affect the deeply bound Coulomb 
states with large angular momentum, pointed out in our previous paper. The results are important 
for understanding of the regime of intermediate coupling, which is the case for QCD somewhat above 
the chiral transition temperature. 



Introduction. QCD at temperatures T = (1 — 3)T C 
is in a chirally restored but relatively strongly coupled 
Coulomb phase. Although it is known for long time that 
some aspects of this regime are nonperturbative ( see [1,2] 
and references therein), and although explicit evaluation 
of perturbative series for thermodynamical quantities are 
not convergent in this domain, till recent times one have 
mostly relied on perturbative ideas for signal assessment 
at RHIC. Recently, we have suggested [3] that this region 
of temperatures supports qq (light and heavy) and gg 
Coulomb bound states, enhanced due to running of the 
coupling to smaller momentum scale as compared to the 
vacuum. Charmed and even light flavor mesonic states 
beyond the chiral restoration transition have been also 
observed on the lattice. In [3] we further suggested that 
the scattering cross section peak near the lines of zero 
binding energy, and reach large values, explaining why 
the QGP at RHIC behaves hydrodynamically. 

The nonperturbative character of the Coulomb phase 
can be further investigated in M = 4 SYM in the 
Maldacena limit [4], at parametrically strong coupling 
A = g 2 N 3> 1 (where N is the number of colors) and fi- 
nite temperature T. In particular, the potential between 
two static Coulomb charges is found to obey a modified 
Coulomb's law [4,5]. N = 4 SYM at finite temperature 
and in strong coupling is similar to QCD across the chi- 
ral restoring temperature T c . We recall, that a number 
of pertinent issues have been addressed in strongly cou- 
pled AT — 4 SYM, such as small angle scattering [6,7], 
large angle scattering [8], the free energy [9], the electric 
Debye screening [10], the viscosity [11], and real-time cor- 
relators [12]. 

The puzzling aspect of all the finite temperature re- 
sults is that they are independent of the strong coupling 
constant A = g 2 N c , even though the (modified) Coulomb 
interaction is proportional to vA. The naive quasiparti- 
cles carry thermal Coulomb energies of order vA T, mak- 
ing them way too heavy to be thermally excited in the 
Coulomb phase. Hence, what is the finite-T matter in 
the strongly coupled Coulomb phase made of? The an- 
swer to this question was suggested in [3], where it was 



pointed out that in the strong coupling regime, there ex- 
ists about a constant density of deeply bound composite 
states of mass m « T at large A. These composites are 
made of two quasiparticles which rotate with a large an- 
gular momentum I sa \f\, compensating the supercritical 
Coulomb force. 

The present paper addresses the following issue. In [3] 
the spectrum of the composites was limited to the sim- 
plest case of spinless scalars obeying the Klein- Gordon 
equation. The cases of composites made of two fermions 
and/or gluons were only discussed qualitatively. One 
may wander what exactly is the role of the spin-spin and 
spin-orbit interactions in these highly relativistic states, 
especially since the orbital momentum is parametrically 
large. In this letter we answer this question by extend- 
ing the arguments of [3] to the spin-spin and spin-orbit 
interactions at strong coupling: we well show that these 
forces are subleading in the strong coulping limit. 

In principle, this question can be exactly addressed us- 
ing the AdS/CFT correspondence by evaluating the av- 
erages of pertinent supersymmetric Wilson lines for spin- 
ning and moving (non-static) particles along externally 
chosen paths. Such approach should yield exact answers 
with exact coefficients. Alternativaly, one can also ob- 
tain parametrically correct answers (without exact coef- 
ficients) using the resummation of ladder diagrams. This 
was first demonstrated for the modified Coulomb's law 
in [13], see also the discussion of the higher order and 
screening effects in [3]. The key physics idea is that in 
the strong coupling regime gauge (scalar) exchanges be- 
tween two charges separated by a distance L takes place 
during a short time L/A 1 / 4 , in contrast to the weak cou- 
pling regime where it is of order L. 

After briefly recalling the derivation of the modified 
Coulomb's law in J\f = 4 SYM using the ladder resum- 
mation, we introduce the correlator of two "spinning" 
fermionic lines. In the relativistic case the mass in the 
magnetic moment is substituted by the (relativistic) ki- 
netic energy of the external particle on its classical orbit. 
We use a ladder resummation both in weak and strong 
coupling to derive the spin induced interactions between 
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spin 1/2 particles. In weak coupling, we reproduce the 
familiar Breit-Fermi interaction, while in strong coupling 
a novel spin-induced interaction is derived. The spin- 
induced interactions are used to qualitatively assess the 
spin splittings in QCD across the chiral restoring tem- 
perature. 
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(a) (b) 
FIG. 1. (a) The color structure of ladder diagrams in the 
large-iV c limit: each square is a different color trace, bring- 
ing the factor N c . The time goes vertically, and the pla- 
narity condition enforces strict time ordering, si > S2 > S3..., 
ti > ti > tii.... (b) Schematic representation of the 
Bethe-Salpeter equation (1) summing ladders. 

The modified Coulomb's law. In the limit where 
the number of colors N c is large and the coupling A = 
g 2 N c is large as well, charges in TV = 4 SYM communi- 
cate with quasi-instantaneous and nearly abelian inter- 
actions. This legitimates the use of ladder diagrams to 
understand the nature of the strong interaction between 
heavy [13] and light charges. 

The quasi- instantaneous potential between two charges 
at a distance L, can be obtained by resumming the lad- 
der diagrams displayed in Fig. 1. The pertinent Bethc- 
Salpcter kernel is solution to the integral equation 



T(S,T) = 1 + 



A 
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dt 
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(s-t) 2 + L 2 



T(s,t) . (1) 



The first factor under the integral is the (Euclidean) 
propagator for one extra gluon/scalar added to the 
ladder. The kernel satisfies the boundary condition 
r(<S, 0) = r(0,T) = 1. when the equation is solved, 
the ladder-generated potential follows from 



V iaA (L) = - lim lr(T,T), 

1 — >+oo I 



(2) 



In weak coupling r w 1 and the integral on the rhs is 
easily taken, resulting in 



T 



(3) 



which results into the standard Coulomb's law. Note that 
in this case the typical relative time difference between 
emission and absorption of a quantum \t — s\ w L, so 
one can say that virtual quanta travel at a speed v ~ 1. 
In strong coupling, the kernel can be obtained using the 



method outlined in [13]. For x = (S ■ 
(S + T)/L, the result for large times S 
x and large y is 



T)/L and y = 
j T that is small 



T(x,y) w C e 
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(4) 



From (2) it follows that in the strong coupling limit the 
ladder generated potential is 



Mad(i) 



VA/tt 



(5) 



which has the same parametric form as the one derived 
from the AdS/CFT correspondence [4,5] except for the 
overall coefficient. The discrepancy is due to the left out 
higher-order diagrams discussed in [3]. 

For physics it is important to stress again that in the 
strong coupling limit A = g 2 N >• 1, the color charges 
communicate on short time of order L/A 1//4 within which 
the exchange is nearly Abelian. This allows the use of 
a potential description even for relativistically moving 
charges [3]. So the two particle relativistic problem is 
cmmenable to a bound state problem with a potential at 
strong coupling. 

Non-static Wilson lines with spin. To investigate 
the spin effects on the form of the potential inherited by 
the resummation of the ladders, we note that the ba- 
sic correlator between say two relatistic spin \ particles 
follows from the generic correlation function 

C(T) = 

TrPcxp i^g J dsi (ix 1 ■ A(xi) + ^0V„ F M „(xi))^ 

xcxp ^-g J ds 2 {ix 2 ■ A(x 2 ) + ^o 2ilv F^(x 2 ))^j ^ , (6) 

with fixed external paths. The new spin-dependent ad- 
ditions are the terms acting on the spinor indices of 
both fermionic lines. The path ordering P and the trace 
is over spin and color. The quantum propagator follows 
from the integration over the external paths x\, 2 and the 
affine time T. Gauge invariance is enforced for trajecto- 
ries with identical end-points x\ — x 2 at s = 0,T. The 
averaging is over the pertinent gauge field measure. 

Supersymmetric spinning lines can be also discussed, 
but we will not do it here. Since our spinning lines are 
just external probes rather than part of the underlying 
gauge theory, their color charges can be chosen at will, 
e.g. in the fundamental representation. We will also ig- 
nore the scalar exchanges, so the correlator is not even 
supersymmetric. Thus it has divergent self-energy cor- 
rections, which however drop out of the interaction po- 
tential which we will be calculating below. We further 
note that the two spinors are chosen to move along the 
fixed external paths, which we can select at will to get the 
potential we need. The quantum correlator for spin 1/2 
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follows from (6) by integrating over the external paths 
£i,2 ; which will not be discussed below. 

The (diffeomorfic) time integration in (6) is over the 
affine time s which has dimensions of inverse mass square. 
If one uses the laboratory time t in (6), a relativistic 
gamma factor of the particle (due to Lorentz invariancc) 
appears, and so S = m J dt^/l — x 2 (in Minkowski no- 
tations). Starting with the action of a free particle with 
affine time s 



generate mostly phases that drop from the positive cor- 
relation function (10). 

In strong coupling the ladder approximation maybe 
used to assess the nature of the spin forces. For that, the 
driving kernel is given by the real parts of the expectation 
value 



S = / ds\{x 2 +m 2 ) 
/o 2 



(7) 



•{i±i ■ A{x\) + -^<?i • B{xi)) 



x ( -g (i x 2 ■ A(x 2 ) + ^ct 2 • B(x 2 )) 



(12) 



one may rewrite it in terms of the conventional time t 
using additional parameter fi = dt/ds 



where the imaginary contributions through the electric 
field have been dropped. Again the Coulomb kernel arises 
from the AA correlator in the form 



i m 
2^7 



(8) 



1 + x i • x 2 



g 2 C A 

4tt 2 {h - t 2 f + (fi - x 2 f 



(13) 



Note that \x in general depends on the particular trajec- 
tory. For a free particle it can be set by extremizing the 
action over fi (8) [14], with the result 



7m 



(9) 



which is just the relatistic energy of a free particle, 
since the relativistic momentum in Euclidean space is 
p '= i"f rax. 

In terms of the physical time, the correlation function 
(6) now reads 

C(T) = 



with the Casimir Ca = N/2 in large N. Note that the 
velocity dependent part translates in Minkowski space 
to (1 — V\ ■ v 2 ) which is the expected correction to 
Coulomb's law from Ampere's law as induced by charge 
motion. This contribution adds for particle-antiparticle 
or particle-hole, and subtracts otherwise in relativis- 
tic bound states. For instance, for relativistic particle- 
antiparticle states v\ = —v 2l twicing the Coulomb in- 
teraction. At asymptotic temperature Ampere's induced 
interaction can still be used space-like to bind in the di- 
mensionally reduced theory [15]. 

Spin-dependent contributions. The spin-orbit 
contribution follows from the AB term in the form 



TrPexp^ dhiix.-Aix^ + j-a^F^x,))^ ^. g ^ . X( Xl fj ^J.ff 2 . B(x 2 )f)) + 1 <- 2 (14) 



xoxp ( i/l dt 2 {ix 2 - A(x 2 ) + —a 2 ^ v F l _ lv (x 2 ))jJ . 

(10) 



Thus 



4/x 2 



(<?2 ' (Xl 2 X pi) + <J 1 • (X21 X p 2 )) j (15) 



In the chiral basis, the spin term reads 



4 M 



B1 + -£L 



(11) 



where again we have used p = ij mx. 

The spin-spin contribution follows from the BB term 
in the form 



with 1± = diag(l,±l). We note that the positive par- 
ity of the electric field is flipped by the chirality ma- 
trix 1_. The spin-coupling to the magnetic field occurs 
with the correct magnetic moment. The spin-coupling to 
the electric field is purely imaginary for physical electric 
fields*. This point is particularly important in deriv- 
ing the spin induced interactions, since the electric parts 



The result is 

g 2 c A 



4/z 2 



G\ ■ (72 V — <?1 • V (72 • V 



) 4tt 2 : 
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(16) 



(17) 



*Note that it is real for virtual vacuum fields such as 
instantons. 



The spinning ladder diagrams can be generated in the 
same way as the non-spinning ones described above. In 
Feynman gauge, the driving kernel in (1) is now 
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Pi -P2 
M 2 



(CT2 • (^21 X pi) + 1 <-> 2) 



, <J\ ■ (?2 V — <?i • V <?2 • V 



) X 2 



(18) 



Note that the spin- independent Coulomb term is 1/2 its 
value in (1) since there is no scalar exchange between the 
non-supersymmetric external lines in (6). 

Spin-orbit from Thomas precession. The spin- 
orbit term induced by Thomas precession is not present 
in our analysis of (6). For non-accelerating paths, this 
effect is not even visible. To see it, we note that the spin 
precess along the trajectory with a rate given by the spin 
factor [17] 



P exp 



(19) 



with r the affine proper time with dimensions one over 
mass. For a non-accelerating external trajectory, this 
effect is not visible. For a particle in an external field, 
the 4-acceleration is given by the Lorentz force in proper 
time 



TtlXi/ — CJ Fya Xq 



(20) 



Inserting (20) in (19) and using (^Ej = — iV Ve for two 
static charges, it follows that (19) generates 



9 2 C A 
4p 2 



((<?! xpi)- VVe(x) + 1^2 



(21) 



which is the standard Thomas contribution (after the 1/2 
correction in the energy due to the accelerating frame). 
This result holds for both weak and strong coupling, with 
Ve(x) the pertinent Coulomb potential in strong cou- 
pling. 

Potentials in weak coupling. In weak coupling 
A <C 1 , and the standard form of the Coulomb and spin 
interactions can be obtained by setting x 2 = t 2 + x 2 2 and 
integrating over the time t. The answer is readily found 
to be 



V 12 (x) = - 
A 



A 



1 



Pi - Pi 



8ir |x| \ p" 

3 \ (<7 2 • {X 2 l X pi) + 1 <-» 2) 



+ : 



167T |x| 3 p 

A 1 /2|x| 3 



<?l • <?2 47T 5 (x) + 3 (7T12 



32tt|x| 3 p 2 \ 3 
where we have defined the tensor interaction 

CTT12 = 01 • X12 a 2 ■ X12 — -CTl • (72 . 



(22) 



The presence of p makes the potential non-local in the 
rclativistic limit, since p is determined by the Coulomb 
trajectory. 

The result (22) is the standard Breit-Fermi interaction, 
modulo the Thomas term as discussed above. For S- 
statcs, the induced interaction is 



v ladd 12 



(x) 



A 



8tt I 



Pi -P2 



+ v 5l '^ (x) 



(23) 



At the critical coupling for S-states A c = 7r 2 , the rclativis- 
tic Coulomb bound states have a size of order \j\f\T c 
for /i 7rT c [3], smaller than the electric and magnetic 
screening lengths (see below and also [3]). The spin-spin 
term is then of order 



S\ ■ S2 



(24) 



This causes a splitting between the spin-1 and spin-0 of 
about 7r 2 T c /3 w ttT c . However, since the coupling is 
rather large, the issue is calling for a strong coupling 
reassessment of the spin-induced interactions. 



Potentials in strong coupling. In strong coupling 
a resummation of the ladders is warranted as described 
above. The kernel can be expanded in powers of relative 
time S — T to second order, yilding the oscillator-type 
Schreodinger equation. The result is the following po- 
tential 



Vl a ddl2(x) 
1 



Va 



7T X 



1 - 



Pi -P2 



+ 



+ 



p? |x| 2 



(CT 2 • (X 2 1 X pi) + 1 <-> 2) 



1 



M 2 |x| 2 V3 



1 



<7l • (?2 — 2 C7T12 



1/2 



(25) 



where the Coulomb, Ampcr, spin-spin and spin-orbit 
terms all enter together into the common frequency of 
the effective oscillator. 

Corrections to Coulomb bound states due to 
spin-spin and spin-orbit terms discussed above are easy 
to estimate only for weakly bound states, for which the 
non-relativistic limit p — > m can be used. In general, the 
quantity p — m-f, or the " relativistic kinetic energy" of 
the particle as we will refer to it, is only defined precisely 
for a given path. 

A particular quantum state can be viewed as a sum 
of many paths, so one should average the potential over 
them. It is in general a nontrivial problem we are not 
trying to solve in this work. We will however provide a 
semiclassical estimate, substituting the kinetic energy p 
by the total energy minus the potential E — V. Semiclas- 
sically, the total energy E is the sum of kinetic ones plus 
a potential 



4 



E=y/pl + m 2 + ^jp\ + to 2 + V = 2^ + V (26) 

and thus the variations of p, are opposite to those of V 
as the particle mover from one position to the next. 

This clarifies the follwing paradox. Naively, if one 
would think of /i as a constant, the factors of 1/xp, 
in spin-spin and spin-orbit terms appear to signal their 
dominance at small distances. This is not so if it is un- 
derstood as /i — > E— V, which at small distances is domi- 
nated by the Coulomb potential. Therefore, in the strong 
coupling, one finds that at small distances it is in fact 
suppressed l/(fix) « l/VA^ 1. 

In strong coupling the angular momentum is of order 
V\. Thus, the spin-orbit coupling is of order 1/y/X while 
the spin-spin coupling is of order 1/A, both of which are 
subleading in the strong coupling limit. 

This justifies a posteriori the use of the Coulomb orbit 
in the determination of [i and shows that the results of 
[3] are left unaffected by spin effects. 

As an example, let us consider the case of ultrarela- 
tivistic strongly coupled S-states \p\\ = \p2\ = \i- The 
interaction in this case reads is 



V]Lidl2( x ) 



7T X 



47T 2 - - 

l + l + - Sl .S 2 



1/2 



(27) 



To leading order in strong coupling, the spin-0 and spin-1 
S-states are actually degenerate. Note also, that the sign 
of the spin-spin term is now opposite to the Breit-Fermi 
one. 



summation in strong coupling, we have assessed the 
spin-spin and spin-orbit potentials between two exter- 
nal "spinning" fermion paths. The results in matter fol- 
low readily from the screened potentials discussed in [3]. 
These results can be checked using the ADS/CFT corre- 
spondence from the large time asymptotics of the corre- 
lator (6) in strong coupling and large N. 

In strongly coupled Af = 4 SYM at finite temperature, 
there are deeply bound Coulomb states with orbital an- 
gular momentum V% with the total energy E <~ T and 
independent on A, with sizes of the order l/\/AT. These 
states are bound by ordinary Coulomb (plus Ampere's) 
law: we have now shown that for them the spin-orbit and 
spin-spin interactions are subleading effects. 

These findings are important for evaluation of related 
effects in QCD at T = (1 — 3)T C in which it undergoes a 
transition into an intermediatly coupled Coulomb phase. 
The pertinent splitting is the p— tt meson splitting accross 
the region, a very important issue for a number of signals 
at RHIC, such as the dilcpton emission [1]. 

As we shown above, if one uses the weak coupling re- 
sult - the standard Breit-Fermi interaction - at the crit- 
ical (for the S-states) coupling A c = it 2 , it yields a large 
splitting between the spin-0 and spin-1 states of order 
7rT c . However our arguments above imply a kinemati- 
cal suppression by relativistic factors, on top of which is 
the flipped sign of the spin-spin coefficient, from weak to 
strong coupling. It all shows that the issue should need a 
special careful examination, both by analytic means and 
on the lattice. 



Effects of screening at finite-temperature. The 

above results apply to an unscreened interaction. In the 
presence of screening the Coulomb and spin induced in- 
teractions are modified since the electric and magnetic 
interactiona are screened as discussed in [3] . In the ladder 
approximation and weak coupling, the electric effects are 
Debye screened at distances of the order of the inverse 
Debye lenght I/mo ~ 1/V~XT, while the magnetic ef- 
fects are screened at distances of the order of the inverse 
magnetic lenght 1/tom ~ I /XT. The magnetic length 
is much larger than the electric length in weak coupling, 
causing the magnetic effects to be dominant at asymptot- 
ically large temperatures as in QCD. As a result, magnet- 
ically bound Coulomb states may form, see e.g. discus- 
sion of the so called "screened masses" in [15] and more 
recent discussion of Cooper pair formation and color su- 
percondctivity [16]. In strong coupling and in the lad- 
der approximation, the magnetism is there together with 
the Coulomb term in the form of Ampere's term, while 
the spin-induced effects are kincmatically suppressed as 
shown above. String arguments suggest that the electric 
and magnetic screening are comparable in strong cou- 
pling, and of order l/7rT [3]. We have used the latter 
point of view at T c in QCD. This point deserves further 
investigation. 

Summary and discussion. Using the ladder re- 
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